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Abstract
We present a supersymmetric action functional for the coupled system of an
open fundamental superstring and super–D0–branes attached to (identified with)
the string endpoints. As a preliminary step the geometrical actions for a free super-
D0-brane and a free type IIA superstring have been built. The pure bosonic limits
of the action for the coupled system and of the equations of motion are discussed in
some detail.
Introduction
Recently a way to obtain a supersymmetric action functional for interacting
branes (intersecting branes and branes ending on branes) has been proposed
[1]. The systems involving open fundamental superstrings ending on super–
Dp–branes are quite generic and, on the other hand, especially interesting.
The case of superstring—super-D3-brane system has been discussed briefly in
[1] (see [2] for details).
Two types of such system are special and require separate consideration.
One consists of the open superstring and a super–D9–brane (space–time filling
brane). It has been elaborated in [3]. In this contribution we present a super-
symmetric action functional for the system of the open superstring ending on
1Contribution to the Proceedings of the International Seminar ”Supersymmetries and
Quantum Symmetries’ (SQS’99, 27-31 July, 1999).
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(the dynamical) super-D0-branes or D-particles. In distinction to the general
case [1, 2] neither Lagrange multipliers no auxiliary space–time filling brane
are necessary in this case.
Note that this dynamical system provides a supersymmetric generalization
of the ’string with masses at the endpoints’ which has been considered in the
early years of ’QCD string’ [4].
1 Geometric action for free super-D0-brane
The geometric action [5] and the generalized action principle [6] for super–Dp–
branes with 0 < p < 9 and p = 9 has been constructed in [7, 8] respectively.
However the super–D0–brane has not been considered in this framework.
The geometric action for the super–D0–brane has the form
SD0 = m
∫
M1
L˜1 =
∫
M1
(
Π˜mu(0)m (τ) + i
(
dΘ˜1µΘ˜2µ − Θ˜
1µdΘ˜2µ
))
, (1)
where m is the super-D0-brane mass parameter,
Πm = dXm − idΘ1µσmµνΘ
1ν − idΘ2µσ˜
mµνΘ2ν (2)
is the basic covariant 1–form of the flat type IIA superspace,
Π˜m = dX˜m − idΘ˜1σmΘ˜1 − idΘ˜2σ˜mΘ˜2 = dτΠ˜mτ (3)
is its pull–back on the super–D0–brane world–line M1
Xm = X˜m(τ), Θ1µ = Θ˜1µ(τ), Θ2µ = Θ˜
2
µ(τ) : M
1 →M(10|32), (4)
and u(0)m is a time–like unit length vector field
u(0)m u
(0)m = 1. (5)
It is convenient to consider u(0)m as a column of the Lorentz group valued matrix
u am =
(
u0m, u
i
m
)
∈ SO(1, 9) ⇔ u amη
mnu bn = η
ab. (6)
The conditions (6) include the normalization (5) as well as the orthogonality
conditions for the vectors u(0)m , u
i
m (Lorentz harmonics [9])
u(0)m u
im = 0, uimu
jm = −δij . (7)
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A doubly covered element for the SO(1, 9)–valued matrix (6)
v Aµ ∈ Spin(1, 9) (8)
(spinor Lorentz harmonics, see [5] and refs. therein) is related with (6) by the
conditions of σ–matrix conservation
u amσ
m
µν = v
A
µ σ
a
ABv
B
µ , u
a
m σ˜
AB
a = v
A
µ σ˜
µν
m v Bµ . (9)
A = 1, . . . , 16 can be treated as SO(9) spinor index. Then the requirement of
SO(9) gauge symmetry makes natural an identification of the harmonics with
homogeneous coordinates of the coset SO(1, 9)/SO(9) (cf. with [10]). Note
that SO(9) group possesses a symmetric charge conjugation matrix. When it
is identified with unity matrix, the difference between upper and lower SO(9)
spinor indices disappears.
Substituting the SO(9) invariant representation for SO(1, 9) sigma-matrices
σ0AB = δAB, σ
i
AB = Γ
i
AB, σ˜
0 AB = δAB, σ˜
i AB = −ΓiAB, (10)
one can decompose Eq. (9) into
u(0)m σ
m
µν = v
A
µ v
A
ν , u
i
mσ
m
µν = v
A
µ Γ
i
ABv
B
ν . (11)
u(0)m δAB = v
A
µ σ˜
µν
m v Bν , u
i
mΓ
i
AB = v
A
µ σ˜
µν
m v Bµ . (12)
Similar relations can be obtained for the inverse SO(1, 9)/SO(9) harmonics
v
µ
B v
A
µ = δ
A
B , (13)
u(0)m σ˜
m µν = v
µ
A v
ν
A , u
i
mσ˜
m µν = −v
µ
A Γ
i
ABv
ν
A . (14)
u(0)m δAB = v
µ
A σm µνv
ν
B , u
i
mΓ
i
AB = v
µ
A σmµνv
µ
B . (15)
The harmonics can be used to define a general supervielbein of the flat
type IIA superspace EA which possesses the SO(9) invariant decomposition
EA = (E(0), Ei;EA1, EA2)
E(0) ≡ Πmu(0)m , E
i ≡ Πmuim, (16)
EA1 ≡ dΘµ1v Aµ , E
A2 ≡ dΘ2µv
µ
A . (17)
A new important property of this supervielbein (in comparison with the ”coor-
dinate” one (Πm, dΘµ1, dΘ2µ)) is that it permits covariant linear combinations
of the different fermionic supervielbein forms, e.g. EA1 ± EA2.
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The structure equations of the flat type IIA superspace can be written as
dE(0) = −iEA1 ∧ EA1 − iEA2 ∧ EA2 + Ei ∧ f i, (18)
DEi ≡ dEi + Ej ∧Aji = −iEA1 ∧ EB2ΓiAB + E
(0) ∧ f i, (19)
DEA1 ≡ dEA1 + EB1 ∧
1
4
AijΓijBA =
1
2
EB1 ∧ f iΓiBA, (20)
DEA2 ≡ dEA2 + EB2 ∧
1
4
AijΓijBA = −
1
2
EB2 ∧ f iΓiBA. (21)
Here the ’admissible derivatives’ of the harmonics [5] (i.e. the derivatives which
preserve the conditions (6), (8))
du am = ubmΩ
ba ⇔
{
du(0)m = u
i
mf
i,
duim = −u
j
mA
ji + u(0)m f
i,
(22)
dv Aµ ≡
1
4
Ωbav Bµ (σba)
A
B =
1
2
v Bµ f
iΓiBA −
1
4
Aijv Bµ Γ
ij
BA (23)
dv
µ
A ≡ −
1
4
Ωba(σba)
B
A v
µ
B =
1
2
f iΓiABv
µ
B +
1
4
AijΓijABv
µ
B (24)
have been used. In (22), (23), (24)
Ωab(d) = −Ωba(d) ≡ uamdu
bm =
(
0 f j
−f i Aij
)
(25)
are so(1, 9)–valued Cartan 1–forms. The forms
f i ≡ u(0)m du
m i (26)
are covariant with respect to local SO(9) transformations and provide a basis
for the coset SO(1, 9)/SO(9) while
Aij ≡ uimdu
m j (27)
transform as SO(9) connections. From the definition (25) one can find that the
Cartan forms satisfy a zero curvature conditions (Maurer–Cartan equations)
dΩa b − Ωac ∧ Ω bc = 0 ⇔
{
Df i = df i + f j ∧Aji = 0,
F ij = dAij + Aik ∧ Akj = −f i ∧ f j,
(28)
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2 Gauge symmetries and equations of motion
for free super–D0–brane
The simplest way to vary the geometric action is to calculate an external
derivative of the Lagrangian 1–form (1)
L1 = m
[
E(0) + i
(
dΘ1µΘ2µ −Θ
1µdΘ2µ
)]
, (29)
(cf. (1), (16), (17)) and use the seminal formula
δL1 = iδ(dL1) + diδL1. (30)
Here iδ can be regarded as formal contraction of differential form with variation
symbol, e.g.
iδdΘ
1µ = δΘ1µ, iδdΘ
2
µ = δΘ
2
µ, iδΠ
m = δXm − iδΘ1σmΘ1 − iδΘ2σ˜mΘ2.
(31)
The basis (31) in the space of variations is more convenient than the origi-
nal one
(
δXm, δΘ1µ, δΘ2µ
)
. The contractions iδf
i, iδA
ij shall be considered as
parameters of independent transformations of the harmonic variables which
preserve the conditions (6), (8) (admissible variations [5])
δu(0)m = u
i
miδf
i, δuim = −u
j
miδA
ji + u(0)m iδf
i, (32)
δv Aµ =
1
2
v Bµ Γ
i
BA iδf
i −
1
4
v Bµ Γ
ij
BA iδA
ij , (33)
δv
µ
A =
1
2
ΓiABv
µ
B iδf
i +
1
4
ΓijABv
µ
B iδA
ij .
External derivative of the Lagrangian 1–form (29) can be written as
dL1 = m
[
Ei ∧ f i − i(EA1 −EA2) ∧ (EA1 −EA2)
]
. (34)
Thus the variation of the action (1) is
SD0 = m
∫
M1
(
Eiiδf
i − f iiδE
i − 2i(EA1 − EA2)iδ(E
A1 − EA2)
)
, (35)
where we skipped the complete derivative term
∫
M1 diδL1. The latter means
that the D0-brane worldline is considered as a surface without boundary ∂M1 =
0 and, hence, there are no rejections for its identification with a boundary of
some surface M1 = ∂M1+1 (see below).
5
Only 16 of 32 fermionic variations
iδ(E
A1 − EA2) ≡ δΘ1µv Aµ − δΘ
2
µv
µ
A (36)
are involved effectively in (35). Thus the remaining 16 variations
κA ≡ iδ(E
A1 + EA2) ≡ δΘ1µv Aµ + δΘ
2
µv
µ
A (37)
can be regarded as parameters of a fermionic gauge symmetry of the model.
This is the famous κ–symmetry [11]2. Other gauge symmetries can be found
by searching for the variations whose parameters are absent in (35). They
are SO(9) symmetry (iδA
ij) and the reparametrization (iδE
(0) = δXmu(0)m ,
δΘ1,2 = 0).
Equations of motion for the super–D0-brane appear as a result of variations
with respect to iδf
i, iδE
i = δXmuim and iδ(E
A1 −EA2) respectively
E˜i ≡ Π˜mu˜im = 0, (38)
f˜ i ≡ u˜(0)mdu˜im = 0, (39)
E˜A1 − E˜A2 ≡ dΘ˜1µv˜ Aµ − dΘ˜
2
µv˜
µ
A = 0. (40)
It can be proved that these equations are equivalent to the standard equations
of motion for the super–D0–brane [13]. In the gauge X˜mu˜(0)m = τ , Θ˜
1µ = 0
Eqs. (38), (39), (40) are equivalent to the set
dX˜m = dτpm/m, dpm = 0, p
2
m = m
2, dΘ˜2µ = 0, (41)
which describes a massive superparticle.
3 Geometric action for type IIA superstring
The geometric action, superembedding approach and generalized action prin-
ciple for type IIB superstring has been constructed in [5, 14, 6] respectively.
Type IIA superstring has not been considered in this framework before.
The geometric action for type IIA superstring is
SIIA =
∫
M1+1
Lˆ2 =
∫
M1+1
(
1
2
Eˆ++ ∧ Eˆ−− − Bˆ2
)
, (42)
2 See [12] for the geometrical meaning of the κ–symmetry.
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where
E±± ≡ ΠmU±±m , E
I ≡ ΠmU Im, (43)
B2 = iΠ
m ∧
(
dΘ1σmΘ
1 − idΘ2σ˜mΘ
2
)
+ dΘ1σmΘ1 ∧ dΘ2σ˜mΘ
2, (44)
Πˆm = dXˆm − idΘˆ1σmΘˆ1 − idΘˆ2σ˜mΘˆ2 = dξmΠˆ mm (ξ) (45)
is the pull-back of the 1–form (2) on the superstring worldsheet M1+1 whose
embedding into the type IIA superspace M1+1 →M(10|32) is defined by
Xm = Xˆm(ξ) ≡ Xˆm(τ, σ), Θ1µ = Θˆ1µ(ξ), Θ2µ = Θˆ
2
µ(ξ). (46)
Uˆ±±m (ξ) ≡ Uˆ
0
m(ξ)± Uˆ
9
m(ξ) are light–like Lorentz harmonic vectors [9], i.e. the
components of the SO(1, 9) valued matrix
U am =
(
U0m, U
I
m , U
9
m
)
=
(
1
2
(U++m + U
−−
m ), U
I
m ,
1
2
(U++m − U
−−
m )
)
∈ SO(1, 9)
(47)
The spinor harmonics
V αµ =
(
V +µq , V
−
µq˙
)T
∈ Spin(1, 9) (48)
V
µ
α =
(
V
−µ
q , V
+µ
q˙
)
∈ Spin(1, 9) (49)
V
µ
α V
β
µ = δ
β
α : V
−µ
q V +µp = δqp, V
+µ
q˙ V
−
µp˙ = δq˙p˙, V
−µ
q V −µp˙ = V
+µ
p˙ V
+
µq = 0
(50)
are related with (47) by Eqs. (9) which include, in particular,
U++m σ
m
µν = 2V
+
µq V
+
νq , U
−−
m σ˜
mµν = 2V
−µ
q V −νq , (51)
U−−m σ
m
µν = 2V
−
µq˙ V
−
νq˙ , U
++
m σ˜
mµν = 2V
+µ
q˙ V
+ν
q˙ . (52)
The details about the stringy harmonics and Cartan forms (cf. (25))
Ωab ≡ UamdU
bm =


0 f
++J+f−−J
2
−1
2
ω
−f
++I+f−−I
2
AIJ −f
++I−f−−I
2
1
2
ω f
++J−f−−J
2
0

 (53)
can be found in Refs. [5, 14, 6, 1].
The external derivative of the Lagrangian 2–form
L2 =
1
2
E++ ∧ E−− − iΠm ∧
(
dΘ1σmΘ
1 − idΘ2σ˜mΘ
2
)
+ dΘ1σmΘ1 ∧ dΘ2σ˜mΘ
2
(54)
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can be calculated with the use of (51), (52), (53) and stringy counterparts of
Eqs. (22)– (28)
dL2 = −2iE
++ ∧ E−q˙1 ∧ E−q˙1 + 2iE−− ∧ E+2q˙ ∧ E
+2
q˙ + (55)
EI ∧
(
1
2
E−− ∧ f++I −
1
2
E++ ∧ f−−I + 2i
(
E+q1 ∧ E−q˙1 + E+2q ∧ E
−2
q˙
)
γIqq˙
)
.
The parameters of the stringy κ–symmetry can be identified with the contrac-
tions of those fermionic forms which are absent in the first line of Eq. (55)
κ+q ≡ iδE
+q1 = δΘ1µv +µq , κ
−q ≡ iδE
−2
q = δΘ
2
µv
−µ
q . (56)
The second line of (55) determines, in particular, the transformations of the
harmonics with respect to the κ–symmetry. Other gauge symmetries are
SO(1, 1)×SO(8) (iδω, iδA
IJ) and the reparametrization (iδE
±± = δXmU±±m ).
The equations of motion for the type IIA superstring can be obtained from
(55). They are
EˆI ≡ ΠˆmuIm = 0, (57)
M I2 ≡ E
−−∧f++I−E++∧f−−I+4i
(
E+q1 ∧ E−q˙1 + E+2q ∧ E
−2
q˙
)
γIqq˙ = 0, (58)
E++ ∧ E−q˙1 ≡ Πˆm ∧ dΘ1µv −µq˙ u
++
m = 0, (59)
E−− ∧ E+2q˙ ≡ Πˆ
m ∧ dΘ2µv
+µ
q˙ u
−−
m = 0. (60)
It can be proved that this set is equivalent to the standard equations of motion
for the type IIA superstring (see [5] for the type IIB case).
4 Supersymmetric action functional for type
IIA superstring with super–D0–branes at
the endpoints
The main problem which should be solved to write down the action of inter-
acting branes is: how to take into account an identification of the bosonic and
fermionic superembedding functions on the intersection [1, 3]. However, this
problem has the natural solution just for the system under consideration. Here
the super–D0–brane worldlineM1 should be considered as the boundary of the
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superstring worldsheet M1 = ∂M1+1. Thus one can define an embedding
ofM1 intoM1+1
ξm = ξ˜m(τ) : M1 = ∂M1+1 →M1+1 (61)
and identify the super–D0–brane coordinate functions X˜(τ), Θ˜1,2(τ) with the
images of the superstring coordinate functions Xˆ(ξ), Θˆ1,2(ξ) on the boundary
X˜(τ) = Xˆ
(
ξ˜(τ)
)
, Θ˜1,2(τ) = Θˆ1,2
(
ξ˜(τ)
)
. (62)
With this identification the action for the coupled system of an open funda-
mental superstring and super–D0–branes at the ends of the superstring is the
direct sum of the actions (1) and (42)
Sstr+D0 =
∫
M1+1
Lˆ2 +m
∫
∂M1+1
L˜1. (63)
The variation of the action can be calculated as
δSstr+D0 =
∫
M1+1
iδ (dL2) +m
∫
∂M1+1
(iδL2 + iδdL1) . (64)
A possibility is to require the vanishing of the bulk and the boundary variations
in (64) separately. On the other hand, following [1, 2, 3], one can introduce
the following current density distribution
j1 = dξ
mεmn
∫
∂M2
dξ˜n(τ)δ2
(
ξ − ξ˜(τ)
)
= εmndξ
njm (65)
with the property ∫
M1+1
j1 ∧ Aˆ1 =
∫
∂M1+1
A˜1. (66)
In (66) Aˆ1 is an arbitrary 1-form defined on the worldsheet M
1+1 and A˜1 is
its pull–back onto M1 = ∂M1+1. As it is easy to define the extension of the
super–D0–brane Lagrangian form to the whole worldsheet (29), we can use
(66) to lift the action (63) or its variation (64) to the integral over the whole
worldsheet
Sstr+D0 =
∫
M1+1
Lˆ2 +mj1 ∧ Lˆ1, (67)
δSstr+D0 =
∫
M1+1
iδ (dL2) +mj1 ∧ (iδL2 + iδdL1) . (68)
Here Lˆ2 is defined by Eq. (42), (54), Lˆ1 is the pull–back of the 1–form
L1 (29) on the worldsheet (46). In (68) the contractions of the forms (i.e.
iδB2 = iδ(1/2dZ
M ∧ dZNBNM) = dZ
MδZNBNM ) should be pulled back
to the worldsheet and the contractions of the coordinate differentials in the
second term should include the variations of the functions ξ˜m(τ) (61), e.g.
iδdX
m = δX˜m + δξ˜m(τ)∂mXˆ
m|ξ=ξ˜(τ) (though the variations δξ˜
m(τ) shall not
produce independent equations).
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5 D0-branes at the endpoints of bosonic string
In the pure bosonic limit our dynamical system describes a ’string with masses
at the endpoints’. Such system has been studied in early years of QCD strings
and partial solutions have been found [4]. However the geometric or first order
formulation as well as ’extended variational problem’ approach [2] (67), (68)
for this system are new and, in our opinion, instructive.
The geometric action for the coupled system has the form
S =
∫
M1+1
1
2
Eˆ++ ∧ Eˆ−− +mj1 ∧ Eˆ
(0). (69)
Its variation with respect to harmonic variables
δhS =
∫
M1+1
(
1
2
EˆI ∧ Eˆ−−iδf
++I −
1
2
EˆI ∧ Eˆ−−iδf
++I +mj1 ∧ Eˆ
iiδf
i
)
(70)
produces the same algebraic embedding equations as in the case of a free string
and free D0-brane(s)
EˆI ≡ dXˆm(ξ)U Im(ξ) = 0, (71)
E˜i ≡ dXˆm(ξ(τ))uim(τ) = 0. (72)
This provides the possibility to simplify the variation with respect to the co-
ordinate functions considering it modulo Eqs. (71), (72)
δS|EˆI=0=E˜i =
1
2
∫
M1+1
(
Mˆ I2U
I
m + j1 ∧
(
Eˆ++U−−m − Eˆ
−−U++m − 2mf
iuim
))
δXˆm
(73)
Here
M I2 ≡ E
−− ∧ f++I −E++ ∧ f−−I (74)
is the pure bosonic limit of the l.h.p. of the free superstring equation (58).
When considered together, Eqs. (71) and (72) relate the images of the
stringy harmonics on the worldsheet boundary with the harmonics of the D0-
branes. Indeed, Eq. (72) implies dX˜m = E(0)u(0)m. Substituting this relation
into the pull-back of Eq. (71) on the boundary one arrives at
u(0)m(τ) U Im(ξ(τ)) = 0. This implies
u(0)m(τ) = w−−(τ)U++m(ξ(τ)) + U++m(ξ(τ))/4w−−(τ) (75)
with some indefinite function w−−(τ) (compensator for SO(1, 1) symmetry).
The relative coefficient in (75) is fixed by normalization conditions. Now, using
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the SO(9) gauge symmetry, we can chose the super–D0–brane harmonics to
be expressed through the images of stringy ones by
uim(τ) =
(
U++m(ξ(τ)), u(9)m(τ)
)
, (76)
u(9)m(τ) = w−−(τ)U++m(ξ(τ))− U++m(ξ(τ))/4w−−(τ).
Then the set of Cartan forms (26) splits as f i = (f I , f (9)) and, after some
algebraic manipulations, the equations of motion can be written in the form
M I2 ≡ E
−− ∧ f++I − E++ ∧ f−−I = mj1 ∧ f
I , (77)
j1 ∧
(
E(0) −mf (9)
)
= 0. (78)
When m 6= 0 the latter equation evidently implies
f (9) ≡ u(0)mdu(9)m =
1
m
E(0). (79)
For m→∞ we can neglect the left hand side of Eq. (77) and the right hand
side of Eq.(79). Thus we arrive at the free equations of motion (39) for the
D0-branes. This means that D0–branes (or ’quarks’ [4]) with infinite mass(es)
do not feel the influence of the open string. When m → 0 Eq. (77) becomes
the free string equation, while (78) implies that j1 = 0, i.e. that the worldsheet
has no boundary and, thus, the string is closed.
Concluding Remarks
The analyzes of the gauge symmetries of the action (63), (67) and the super-
symmetric equations which follow from it will be the subject of a forthcoming
article. We expect that they shall provide an important insights for future
study of the generic system of interacting superbranes.
Another direction of the development of the present results is to elaborate
the generalized action principle [6] and the superembedding approach [14, 6, 15]
the super–D0–brane (see [7] for the super-Dp-branes with 0 < p < 9 and [8]
for p = 9). The basis for such study is provided by the geometric action (1).
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